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HAEFLIGER COHOMOLOGY OF COMPLETE RIEMANNIAN
FOLIATIONS
HIRAKU NOZAWA
Abstract. Haefliger cohomology characterizes taut foliated manifolds by Hae-
fliger’s theorem. We show that Haefliger cohomology characterizes strongly
tense foliated manifolds, namely, foliated manifolds which admit a Riemann-
ian metric such that the mean curvature form of the leaves is closed and basic.
We show that Haefliger cohomology is dual to invariant cohomology for com-
plete Riemannian foliations. As an application of these results, we prove that
any complete Riemannian foliation is strongly tense, which is a generaliza-
tion of Domı´nguez’s tenseness theorem for Riemannian foliations on closed
manifolds.
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1. Introduction
1.1. Background and outline. A foliated manifold (M,F) is called taut if M
admits a metric g such that every leaf of F is a minimal submanifold of (M, g).
Haefliger cohomology of foliated manifolds was introduced by Haefliger [Hae80] to
study tautness of compact foliated manifolds. Based on the work of Sullivan [Sul79]
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and Rummler [Rum79], Haefliger characterized tautness for a compact foliated man-
ifold (M,F) by the existence of certain nonnegative 0-cocycle of the Haefliger co-
homology. As a consequence, he showed that tautness of compact foliated manifold
(M,F) is a transverse property, which is determined by the holonomy pseudogroup.
Remarkably, tautness of Riemannian foliations is of topological nature being
characterized in terms of basic cohomology as conjectured by Carrie´re in his Ph.D.
thesis and proven by Masa [Mas92]. Later, based on Masa’s technique and the
A´lvarez class defined in [AL92], Domı´nguez [Dom98] generalized Masa’s theorem
by proving that any Riemannian foliation on a compact manifold is tense. Here,
recall that a foliated manifold (M,F) is called tense if M admits a metric such
that the mean curvature form of F is basic. The tenseness naturally arises to prove
the duality of cohomologies of Riemannian foliations on closed manifolds [KT83a,
Dom98].
In this article, we study strong tenseness of foliated manifolds, a notion stronger
than tenseness which is useful to study Riemannian foliations, to characterize it
with Haefliger cohomology (Theorem 1.1). Combining this result with the duality
between Haefliger cohomology and invariant cohomology of complete Riemannian
foliations (Theorems 1.4 and 1.6), we generalize Domı´nguez’s tenseness theorem to
complete Riemannian foliations (Corollary 1.10). These results are illustrated with
examples of Lie foliations in Section 1.6. Our computation of Haefliger cohomology
is applied to the localization of some Chern-Simons type invariants of Riemannian
foliations in [GNT17]. Our original motivations are recent studies [RPSAW08,
Mas09, RPSAW09, NRP14] on Riemannian foliations on open manifolds as well
as some significant differences on the tautness between Riemannian foliations on
closed manifolds and those on open manifolds (see Section 7).
1.2. Strong tenseness and Haefliger cohomology. Let us recall strong tense-
ness of foliated manifolds introduced in [NRP14]: A foliated manifold (M,F) is
called strongly tense if M admits a Riemannian metric so that the mean curvature
form κ of the leaves of F is basic and closed. It is easy to see that (M,F) is strongly
tense and κ is exact, then (M,F) is taut.
We will give a Haefliger type characterization of strong tenseness of foliated
manifolds. Let us give the definition of Haefliger cohomology of a foliated manifold
(M,F) with values in a flat vector bundle πE : (E ,∇)→M . Take a total transversal
T of (M,F) and let PT (F) be the set of all leaf paths on (M,F) which connects
two points on T :
PT (F) = { γ : [0, 1]→M | γ(0), γ(1) ∈ T, ∃L ∈ F , γ([0, 1]) ⊂ L }.
For any γ ∈ PT (F), we have an open neighborhood Uǫ of γ(ǫ) in T (ǫ = 0, 1) and
an isomorphism hγ : (E ,∇)|U0 → (E ,∇)|U1 induced by the holonomy map of F
along γ. We call the pseudogroup HolT (F , E) on E|T generated by {hγ}γ∈PT (F) the
holonomy pseudogroup on T of the pair (F , E). Here HolT (F , E) acts on Ω•c(T ; E|T )
by pull-back. Let Ω•c(TrF ; E) denote the complex Ω
•
c(T ; E|T )/Λ
•
c , where
Λ•c = {
∑
1≤i≤kh
∗
i σi − σi | hi ∈ HolT (F , E), σi ∈ Ω
•
c(T ; E|T ), π
−1
E (supp σi) ⊂ Imhi }
with the covariant derivative of (E ,∇)|T endowed with the quotient topology in-
duced from the standard LF-topology on Ω•c(T ; E|T ) (see [dR84, Section 9]). Here
Ω•c(TrF ; E) does not depend on the choice of T . The cohomology H
•
c (TrF ; E)
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of this complex is called the Haefliger cohomology (or transverse cohomology) of
(M,F) with values in (E ,∇) (see Section 3.1).
We will use the following terminologies in the case where rank E = 1. We say
that ξ ∈ Ω0c(TrF ; E) is nonnegative if a representative ζ of ξ in Ω
0
c(T ; E|T ) is
nonnegative with respect to a topological trivialization of E . For a nonnegative
element ξ ∈ Ω0c(TrF ; E), let supp
F
+ ξ ⊂ M be the union of leaves which intersect
{x ∈ T | ζ(x) 6= 0} for any nonnegative representative ζ ∈ Ω0c(T ; E|T ) of ξ. Consider
a cohomology class ω∇ ∈ H1(M ;R) given by log |h(γ)| =
´
γ
ω∇ for ∀γ ∈ π1M ,
where h : π1M → Aut(R) ∼= R× is the holonomy homomorphism of (E ,∇). We
say that E has basic holonomy if the cohomology class ω∇ belongs to the basic
cohomology H1(M,F).
The following is our Haefliger type characterization of strong tenseness.
Theorem 1.1. Let F be an oriented foliation on a closed manifold M . The fol-
lowing are equivalent:
(i) (M,F) is strongly tense.
(ii) There exist a topologically trivial flat real line bundle (E ,∇) with basic
holonomy over (M,F) and a nonnegative 0-cocycle ξ in Ω0c(TrF ; E) such
that suppF+ ξ =M .
Theorem 1.1 is proven with a Rummler-Sullivan type characterization (Proposi-
tion 2.5), which shows that strong tenseness is characterized with the existence of a
certain characteristic form twisted by a flat real line bundle. Since the condition (ii)
is invariant under the equivalence of holonomy pseudogroups of foliated manifolds,
we obtain the following.
Corollary 1.2. Strong tenseness of closed foliated manifolds is a transverse prop-
erty, i.e., it is determined by the equivalence class of the holonomy pseudogroup.
We will show that one direction of Theorem 1.1 extends to open foliated man-
ifolds whereas the other direction fails (see Section 7). For this purpose, we will
introduce the leafwise compactly supported version H•lc(TrF ; E) of Haefliger coho-
mology (see Section 3.2).
Theorem 1.3. Let (M,F) be a possibly open foliated manifold. If there exist a
topologically trivial flat real line bundle (E ,∇) with basic holonomy over (M,F)
and a nonnegative 0-cocycle ξ in Ω0lc(TrF ; E) such that supp
F
+ ξ =M , then (M,F)
is strongly tense.
Here we briefly review the motivation to consider strong tenseness of foliated
manifolds. As seen in the work of Kamber-Tondeur [KT83b] and Domı´nguez [Dom98],
tenseness of Riemannian foliations on closed manifolds is a cohomological property
which can be regarded as a twisted version of tautness. It is crucial in their work
that, on a Riemannian foliation on a closed manifold, the mean curvature form of
any tense metric is closed [KT83b, Eq. 4.4]. However tenseness is not a cohomolog-
ical property for general foliated manifolds. The example of a Riemannian foliation
on an open manifold due to Cairns-Escobales [CE97, Example 2.4] admits a met-
ric whose mean curvature form is basic but not closed. For such foliations, it is
difficult to relate tenseness with cohomology like in the work of Haefliger [Hae80].
The strong tenseness was introduced in [NRP14] being motivated by this fact.
By Kamber-Tonduer’s result [KT83b, Eq. 4.4], any tense Riemannian foliation on
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closed manifolds are strongly tense. For detailed discussion on the mean curvature
and cohomology of Riemannian foliations, see [AL92, MMOR96, Mas00, HR13].
1.3. Haefliger cohomology of complete Riemannian foliations. Haefliger co-
homology is of dynamical nature in general as seen in [Hae80], and it is often difficult
to compute them. We will show that Haefliger cohomology of complete Riemannian
foliations is isomorphic to the reduced Haefliger cohomology, which is less difficult
to compute. Here the reduced cohomology Ĥ•c (TrF ; E) (resp. Ĥ
•
lc(TrF ; E)) is the
cohomology of the quotient of Ω•c(TrF ; E) (resp. Ω
•
lc(TrF ; E)) by the closure of
zero with respect to the LF-topology (resp. the local LF-topology). There are
natural maps H•c (TrF ; E) → Ĥ
•
c (TrF ; E) and H
•
lc(TrF ; E) → Ĥ
•
lc(TrF ; E). For
any Riemannian foliation F on a closed manifold M , these natural maps are iso-
morphisms due to Domı´nguez [Dom98, Theorem 3.15], which is a generalization of
Masa’s result [Mas92, Section 1] in the case where (E ,∇) is trivial and Hector’s
result [Hec88, Theorem 1.2] in the case where the structural Lie algebra of (M,F)
is compact or nilpotent and (E ,∇) is trivial.
We need completeness of pseudogroups (see Definition 4.2) to prove the isomor-
phism between two cohomologies, because our argument relies on Salem’s structure
theorem for complete Riemannian pseudogroups (Theorem 4.15). We call a flat
vector bundle E over a foliated manifold (M,F) complete if the holonomy pseu-
dogroup HolT (F , E) on T of the pair (F , E) is complete for some total transversal
T of F . Note that the completeness of E implies the completeness of the holonomy
pseudogroup of F .
Theorem 1.4. For a Riemannian foliation F on a manifold M with a complete
flat vector bundle (E ,∇), the natural maps induce isomorphisms H•c (TrF ; E)
∼=
Ĥ•c (TrF ; E) and H
•
lc(TrF ; E)
∼= Ĥ•lc(TrF ; E).
Our proof is based on a transverse version of Sarkaria’s smoothing operator [Sar78]
used by [Mas92, Dom98]. As a byproduct of the proof, we will show the following.
Theorem 1.5. For a Riemannian foliation F on a manifold M with a complete
flat vector bundle (E ,∇) such that the space of leaf closures M/F is compact, we
have dimH•c (TrF ; E) <∞.
Haefliger cohomology of foliated manifolds is a part of the E2-terms of the asso-
ciated spectral sequence (see, for example, [ALM08, Section 28]). For Riemannian
foliations on closed manifolds, it was proven that the whole associated spectral
sequence is finite dimensional by A´lvarez Lo´pez in the case of trivial coefficient
([AL89b], see also Masa [Mas92]) and by Domı´nguez [Dom98] in the general case
with a flat vector bundle. Note that it is easy to see that, if M/F is compact, then
H•lc(TrF ; E)
∼= H•c (TrF ; E).
1.4. Duality between Haefliger cohomology and basic cohomology. The
basic cohomology H•(M,F) of a foliated manifold (M,F) with a flat vector bundle
(E ,∇) is the cohomology of the complex of basic forms
Ω•(M,F ; E) = { σ ∈ Ω•(M ; E) | ι(X)σ = 0, θ(X)σ = 0, ∀X ∈ C∞(TF) }
with the restriction of the differential of Ω•(M ; E), where θ denotes the Lie deriv-
ative. This cohomology is well understood and useful for Riemannian foliations,
whereas it may be pathological for general foliations.
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We use the cohomology H•c (M,F) of the complex consisting of basic forms such
that the projection of the support to the space of leaf closures M/F is compact,
which was introduced by Sergiescu [Ser85] to study Poincare´ type duality for Rie-
mannian foliations. The following is a result on the duality between reduced Hae-
fliger cohomology and basic cohomology.
Theorem 1.6. For a codimension n Riemannian foliation F on a manifold M
with a complete flat vector bundle (E ,∇), we have
Ĥ•c (TrF ; E) ∼= H
n−•(M,F ; E∗ ⊗Oν)
∗,(1.1)
Ĥ•lc(TrF ; E)
∼= Hn−•c (M,F ; E
∗ ⊗Oν)
∗,
where Oν is the orientation bundle of TM/TF .
In the case where E is trivial, (1.1) is known [ALM08, p. 598]. In the case where
M is compact, more general duality for the whole spectral sequence associated
to Riemannian foliations was proven by A´lvarez Lo´pez [AL89a] and Domı´nguez
[Dom98]. As mentioned above, it is well known that Haefliger cohomology is a part
of the spectral sequence associated with F .
Theorems 1.4 and 1.6 imply the duality between Haefliger cohomology and basic
cohomology of Riemannian foliations. Combining this duality with known results on
basic cohomology, we can compute H•c (TrF ; E) as follows. Let P be the Sergiescu’s
orientation sheaf of (M,F), which was introduced in [Ser85, Section 1]. Here P =
(∧rank CC)+ ⊗Oν , where (∧
rank CC)+ is the flat real line bundle obtained by taking
the absolute value of the determinant of the Molino’s commuting sheaf. Note that,
since P has basic holonomy (see [AL96]), if F is complete, then so is P .
Corollary 1.7. For a complete codimension n Riemannian foliation F on a man-
ifold M with a flat vector bundle (E ,∇), we have the following.
(i) If E is complete, then we have H•c (TrF ; E)
∼= Hn−•lc (TrF ; E
∗ ⊗ P)∗.
(ii) H0lc(TrF ;P)
∼= R.
(iii) H0c (TrF ;P) ∼= R if and only if M/F is compact.
Corollary 1.7 was first proven by Hector [Hec88] in the case whereM is compact,
E is trivial and the structure Lie algebra of F is compact or nilpotent. Masa [Mas92,
Duality theorem] proved it in the case whereM is compact and E and P are trivial.
Domı´nguez [Dom98, Theorem 5.2] proved it in the case where M is compact and
E and P may be nontrivial.
Note that P is topologically trivial if and only if F is transversely orientable. If
P is topologically trivial, then there exists a flat real line bundle P1/2 such that
P1/2 ⊗ P1/2 ∼= P . We have the following direct consequence of (ii) of the last
corollary.
Corollary 1.8. For a connected manifold M with a transversely orientable codi-
mension n complete Riemannian foliation F whose space of leaf closures is compact,
we have H•c (TrF ;P
1/2) ∼= Hn−•c (TrF ;P
1/2)∗.
The basic cohomology of Riemannian foliations is a topological invariant by El
Kacimi Alaoui-Nicolau [EKAN93]. This result was extended to invariant cohomol-
ogy of Riemannian pseudogroups by A´lvarez Lo´pez-Masa [ALM08, Corollary 27.3
and Theorem 29.1]. Combining their results with Theorems 1.4 and 1.6, we have
the following.
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Corollary 1.9. H•c (TrF ; E) and H
•
lc(TrF ; E) are topological invariants for Rie-
mannian foliations with complete flat vector bundles. Namely, these cohomologies
are isomorphic for a Riemannian foliation (Mi,Fi) with a complete flat vector bun-
dle Ei (i = 1, 2), if there exists a homeomorphism ϕ : (M1,F1) → (M2,F2) such
that h2 ◦ ϕ∗ = h1, where hi is the holonomy homomorphism of Ei (i = 1, 2).
1.5. Tenseness theorems. By consequences of Theorems 1.3, 1.4 and 1.6, we
will prove the following result, which is a generalization of tenseness theorem of
Domı´nguez [Dom98] for Riemannian foliations on closed manifolds.
Corollary 1.10. Any complete Riemannian foliation is strongly tense.
Since any transversely complete Riemannian foliation is complete [Hae85, Propo-
sition 3.1.2], Corollary 1.10 is a generalization of [NRP14, Theorem 1.2], which
asserts that any transversely complete Riemannian foliation of dimension one is
strongly tense.
If M is connected and F is transversely orientable, then P is a trivial flat real
line bundle if and only if Hnc (M,F)
∼= R by a result of Sergiescu [Ser85]. We show
the following generalization of a result of A´lvarez Lo´pez [AL96] and one direction of
Masa’s characterization [Mas92, Minimality theorem] of taut Riemannian foliations.
Corollary 1.11. Let h be the holonomy homomorphism of the Sergiescu’s orien-
tation sheaf P of a complete Riemannian foliation F . If h(π1M) ⊂ {±1}, then F
is taut. In particular, if P is trivial as a flat real line bundle, then F is taut.
There are simple examples of taut Riemannian foliations on open manifolds
whose Sergiescu’s orientation sheaf is nontrivial (see Example 7.2). So the other
direction of Masa’s characterization does not hold in general for Riemannian folia-
tions on open manifolds.
1.6. The case of Lie foliations. We will illustrate our main results with Lie
foliations. Let G be a simply connected Lie group. A foliation on a closed manifold
is a G-Lie foliation if and only if its holonomy pseudogroup is equivalent to the
pseudogroup HΓ on G generated by the left action of a subgroup Γ of G. A G-Lie
foliation is always Riemannian. Here we consider a complete G-Lie foliation F on
a manifold M . Its holonomy pseudogroup is equivalent to HΓ for a subgroup Γ of
G, and by [Fed72], we obtain the following data:
• a homomorphism hol : π1M → G such that hol(π1M) = Γ and
• a submersion dev : M˜ → G
with an equivariant condition dev(γ · x) = hol(γ) dev(x) for ∀x ∈ M˜ , ∀γ ∈ π1M ,
where M˜ is the universal cover of M . It is easy to see that we can recover the
foliation F by taking quotient of the foliation on M˜ whose leaves are the fibers
of dev. As we will see in Sections 4 and 5 of this paper, the computation of the
Haefliger cohomology of complete Riemannian foliations can be reduced to the case
of minimal G-Lie foliations. The group Γ = hol(π1M) is called the holonomy group
of (M,F). It is easy to see that F is minimal if and only if its holonomy group is
dense in G.
Given a finitely generated dense subgroup Γ of a Lie group G, we can construct
a minimal complete G-Lie foliation (M,F) with holonomy group Γ, for example, by
suspension. Let ρ : G→ GL(V ) be a G-representation on a vector space V . Then
we can construct a flat vector bundle EV on M as follows: Consider a flat vector
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bundle EG over G defined by the first projection G× V → G with parallel sections
of the form G → G × V ; g 7→ (g, ρ(g−1)v) for some v ∈ V . Then, we obtain a flat
vector bundle over M by taking quotient of the flat vector bundle dev∗ EG over the
universal cover M˜ by the π1M -action given by the holonomy homomorphism. In
this case, the holonomy pseudogroup HolT (F , E) is equivalent to the pseudogroup
H˜Γ on G × V generated by the Γ-action given by γ(g, v) = (γg, v) for ∀g ∈ G,
∀v ∈ V and ∀γ ∈ Γ. Since Γ is dense in G, a k-form α on G with values in EG is
H˜Γ-invariant if and only if α is G-invariant. Here, by construction, α is G-invariant
if and only if α is parallel. This implies that there is a one-to-one correspondence
between Γ-invariant k-forms valued in EV and the fiber ∧kg∗ ⊗ V over the unit
element of G. Thus we have
Ω•(M,F ; EV ) ∼= ∧
•g∗ ⊗ V ,(1.2)
H•(M,F ; EV ) ∼= H
•(g;V ) ,
where g = Lie(G). Note that, since the leaves of F is dense in M , we have
H•c (TrF ; EV )
∼= H•lc(TrF ; EV ). Since H
•(g;V ∗)∗ ∼= H•(g;V ) and H•(g;V ∗)∗ ∼=
HdimG−•(g;V ⊗ det g) by duality of Lie algebra cohomology (see [Kna88, Theo-
rem 6.10]), as a special case of consequence of Theorems 1.4 and 1.6, we obtain the
following.
Corollary 1.12. Let (M,F) be a transversely oriented complete G-Lie foliation.
Let EV be the flat vector bundle over M constructed above with a G-representation
V . Then we have
H•c (TrF ; EV )
∼= H•lc(TrF ; EV )
∼= HdimG−•(g;V ) ∼= H
•(g;V ⊗ det g)∗ .
Corollary 1.7 in this case directly follows from Corollary 1.12 and the Poincare´
duality of Lie algebra cohomology (see [Kna88, Theorem 6.10]). In this case, P is
isomorphic to the flat vector bundle Edetg− , where g
− is the Lie algebra of right
invariant vector fields on G. As a special case of Corollaries 1.10 and 1.11, we get
the following.
Corollary 1.13. Any minimal complete G-Lie foliation is strongly tense. Any
minimal complete G-Lie foliation is taut if G is unimodular.
In the case where M is compact, Corollaries 1.12 and 1.13 are special cases of
theorems of Masa and Domı´nguez. Note that if M is compact, then the holonomy
group Γ is necessary to be compactly generated in the sense of Haefliger [Hae02]
(see also [Mei97]). In these corollaries, we can compute Haefliger cohomology for
minimal complete Lie foliations in general.
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2. Rummler-Sullivan type characterization of strong tenseness
Let (M, g) be a Riemannian manifold with a p-dimensional foliation F . In the
case where F is oriented, the characteristic form of (M,F , g) is defined to be the
unique p-form χ onM such that kerχ = (TF)⊥ and χ
∣∣∧
p TF
is the oriented leafwise
volume form of norm one at each point on M . In general, on any simply connected
open subset U ofM , we have two characteristic forms χ of (U,F|U , g|U ) depending
the choice of an orientation of F|U . We call such χ a local characteristic form of
(M,F , g). By Rummler’s formula [Rum79], the mean curvature form κ of (M,F , g)
is determined by a local characteristic form χ as follows:
(2.1) κ(Y ) = −dχ(Y,E1, . . . , Ep) ,
for any local vector field Y , where {E1, . . . , Ep} is a local orthonormal frame of TF
such that χ(E1, . . . , Ep) = 1.
Let (E ,∇) be a flat vector bundle overM . We recall the following terminologies.
Definition 2.1. We call ω ∈ Ω•(M ; E) an F -trivial form if ι(X1) ◦ ι(X2) ◦ · · · ◦
ι(Xp)ω = 0 for any vector fieldsX1, X2, . . ., Xp tangent to F . We call ω ∈ Ω•(M ; E)
relatively F -closed if d∇ω is F -trivial, where d∇ is the covariant derivative.
Rummler’s formula (2.1) is expressed in terms of F -trivial forms as follows:
Lemma 2.2. For a foliated Riemannian manifold (M,F , g) with characteristic
form χ and mean curvature form κ, there exists an F-trivial form β such that
(2.2) dχ = −κ ∧ χ+ β .
For a flat real line bundle E over M with holonomy homomorphism h : π1M →
Aut(R) ∼= R×, let (E+,∇+) be the topologically trivial line bundle over M whose
holonomy homomorphism is the absolute value |h| of h.
Proposition 2.3. Let (E ,∇) be a flat real line bundle over M with holonomy
homomorphism h. For a foliated Riemannian manifold (M,F , g), the following are
equivalent:
(i) The mean curvature form κ of (M,F , g) is a closed basic 1-form such that
log |h(γ)| = −
´
γ
κ for ∀γ ∈ π1M .
(ii) There exists a nowhere vanishing section σ of E+ such that σ|L is par-
allel for every leaf L of F and χ ⊗ σ is relatively F-closed for any local
characteristic form χ of (M,F , g).
Proof. Let σ be a nowhere vanishing section of E+ such that σ|L is parallel for
every leaf L of F . On a connected simply-connected open subset U ofM , we take a
nowhere vanishing function f on U so that 1f σ is a parallel section of (E
+|U ,∇+|U ).
Note that f is basic. We get
(2.3) d∇σ = df ∧
1
f
σ = d log |f | ∧ σ .
Let p = dimF . By Rummler’s formula (Lemma 2.2), for any of two local charac-
teristic forms χ of (M,F , g) defined on U , there exists an F -trivial form β which
satisfies dχ = −κ ∧ χ+ β. Then, by (2.3), we get
d∇(χ⊗ σ) = dχ⊗ σ + (−1)
pχ ∧ d∇σ
=
(
dχ+ (−1)pχ ∧ d log |f |
)
⊗ σ(2.4)
= (−κ+ d log |f |) ∧ χ⊗ σ + β ⊗ σ .
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We show that (ii) implies (i). Since χ⊗ σ is relatively F -closed, then, by (2.4),
we get −κ + d log |f | = 0, which implies that κ is a closed basic 1-form such that
log |h(γ)| = −
´
γ
κ for ∀γ ∈ π1M .
We show that (i) implies (ii). Assume that the mean curvature form κ is a closed
basic 1-form such that log |h(γ)| = −
´
γ
κ for ∀γ ∈ π1M . Then E+ is obtained
by the quotient of M˜ × R by the diagonal π1M -action ρ defined by ρ(γ)(x, v) =
(γ · x, |h(γ)|v) for γ ∈ π1M , x ∈ M˜ and v ∈ R. Take a primitive ζ of u∗κ, where
u : M˜ →M is the universal cover. Then the graph of e−ζ in M˜ ×R is ρ-invariant,
and its quotient in E is the image of a nowhere vanishing global section σ of E .
Since κ is basic, σ|L is parallel for every leaf L of F . Since e
ζσ is parallel on simply
connected open subset in M , we can take f(x) = eζ(x) in (2.4). It follows that
d∇(χ ⊗ σ) is F -trivial. Then χ ⊗ σ is relatively F -closed, which concludes the
proof. 
Let us define the following.
Definition 2.4. For a foliated manifold (M,F) and a flat real line bundle (E ,∇)
overM , we say that (M,F) is strongly tense with (E ,∇) if there exists a Riemannian
metric g such that the mean curvature form κ of (M,F , g) is a closed basic 1-form
such that log |h(γ)| = −
´
γ κ for ∀γ ∈ π1M .
Since we take the absolute value of the holonomy map of (E ,∇) in this definition,
(M,F) is strongly tense with respect to (E ,∇) if and only if (M,F) is strongly tense
with respect to (E+,∇+). Note that, as we see in the proof of the last proposition,
the mean curvature depends only on the absolute value of the holonomy of the flat
real line bundles. Let us show the following Rummler-Sullivan type characterization
by using the last proposition and Sullivan’s purification.
Proposition 2.5. For a closed manifold M with a p-dimensional orientable foli-
ation F and a topologically trivial flat real line bundle (E ,∇) with basic holonomy
over (M,F), the following are equivalent:
(i) (M,F) is strongly tense with respect to (E ,∇).
(ii) There exists a relatively F-closed form η ∈ Ωp(M ; E) whose restriction to
any leaf is nowhere vanishing.
Proof. (ii) follows from (i) by the last proposition. Let us show that (i) follows
from (ii) by using Sullivan’s purification. Assume that there exists a relatively F -
closed form η ∈ Ωp(M ; E) whose restriction to any leaf is nowhere vanishing. Take a
section σ of E whose restriction to each leaf of F is parallel as in the proof of the last
proposition. Then we have η = χ⊗σ for some χ ∈ Ωp(M) whose restriction to each
leaf is a volume form. Here χ may not be a characteristic form, and we modify it by
Sullivan’s purification. Let ̟ : C∞(TM)→ C∞(TF) be the C∞-linear projection
map determined by
ι
(
̟(X)
)(
χ
∣∣∧
p TF
)
=
(
ι(X)χ
)∣∣∧
p−1 TF
,
which is well-defined by the fact that χ
∣∣∧
p TF
is a leafwise volume form of F . Let
η˜ = ̟∗η. It is easy to see that ker η˜ is a plane field complement to TF and
hence η˜ is a characteristic form on (M,F) with some Riemannian metric. We
show that F satisfies the condition of (ii) of the last proposition. For that, it
suffices to show that η˜ is relatively F -closed. By definition of the purification, we
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have η˜(X1, · · · , Xp−1, Y ) = η(X1, · · · , Xp−1, Y ) for X1, . . ., Xp−1 ∈ C∞(TF) and
Y ∈ C∞(TM), from which relatively F -closedness of η˜ follows. Since E admits a
nowhere vanishing leafwise parallel section by the argument in the last paragraph
of the proof of Proposition 2.3, F satisfies the condition (ii) of the last proposition,
which implies that F is strongly tense with respect to (E ,∇). 
3. Haefliger type characterization of strong tenseness
3.1. Haefliger cohomology of linear pseudogroups on flat vector bundles.
Recall that a pseudogroup on a manifold N is a collection of diffeomorphisms be-
tween two open sets of N which contains the identities and is closed under com-
position, inversion, restriction and union. In this article, we consider flat vector
bundles with pseudogroup actions in the following sense, which is a variant of the
one used in [Hae85, Section 3.2].
Definition 3.1. Let π : (E ,∇) → T be a flat vector bundle over a manifold T .
We say that a pseudogroup H on E is linear, or H linearly acts on (E ,∇) if H is
generated by local diffeomorphisms h on E of the following form: there exist open
sets U , V of T and a diffeomorphism hT : U → V such that
(i) Domh = π−1(U), Imh = π−1(V ) and
(ii) h is an isomorphism of flat vector bundles (E ,∇)|U → (E ,∇)|V which
covers hT : U → V .
The pseudogroupHT on T generated by the above hT is called the base pseudogroup
induced by H. For h ∈ H and a differential form α with values in E such that
π−1(suppα) ⊂ Imh, we will denote the extention by zero of the pull back h−1◦α◦hT
of α by h∗α.
In the case where there is a one to one correspondence between H and HT , we
may identify H with HT and we say that HT linearly acts on E .
Remark 3.2. In the situation of Definition 3.1, the set consisting of all germs of the
elements of H is a groupoid, whose objects are the points of E . This groupoid acts
on E , and the groupoid obtained from the germs of the base pseudogroup acts on
T .
A typical example is obtained from a foliated manifold (M,F) with a flat vector
bundle (E ,∇) and a total transversal T . Consider the pseudogroup HolT (F , E) on
E|T introduced in Section 1.2, which is generated by holonomy maps on E along
leaf paths of F which connects two points on T . Then HolT (F , E) is a linear
pseudogroup on E|T whose base pseudogroup is the holonomy pseudogroup of F on
T .
Consider a flat vector bundle π : (E ,∇) → T with a linear pseudogroup H. Let
Ω•c(T ; E) be the space of compactly supported differential forms on T with values
in E , and Λ•c,H the subspace of Ω
•
c(T ; E) consisting of finite sums of elements of the
form h∗α− α for h ∈ H and α ∈ Ω•c(T ; E) such that π
−1(suppα) ⊂ Imh. Let
Ω•c(E/H) := Ω
•
c(T ; E)/Λ
•
c,H .
Since ∇ is H-invariant, the covariant derivative d∇ : Ω•c(T ; E) → Ω
•+1
c (T ; E) com-
mutes with H. Thus we get d∇ : Ω
•
c(E/H)→ Ω
•+1
c (E/H).
Definition 3.3. The cohomology of the complex (Ω•c(E/H), d∇) is called the Hae-
fliger cohomology of H with values in (E ,∇) and denoted by H•c (E/H).
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We topologize Ω•c(T ; E) with the LF-topology (see [dR84, Section 9]). Since Λ
•
c,H
is not closed in Ω•c(T ; E) in general, the complex Ω
•
c(E/H) may not be Hausdorff
with the quotient topology. The quotient of Ω•c(E/H) by the closure of 0 is denoted
by Ω̂•c(E/H) and its cohomology is denoted by Ĥ
•
c (E/H). Following [ALM08], we
call Ĥ•c (E/H) the reduced Haefliger cohomology of H with values in E . We have a
canonical map
τ : H•c (E/H) −→ Ĥ
•
c (E/H) .
Haefliger [Hae02] defined morphisms and equivalences between pseudogroups.
Let Hi be a pseudogroup on a manifold Ti (i = 1, 2). As noted in a preprint
[Rai09], we can see that a set Φ = {Φj} of diffeomorphisms from an open set of T1
to an open set of T2 is an equivalence from H1 to H2 if and only if Φ is a maximal
set such that
• T1 ⊂ ∪j DomΦ
j , T2 ⊂ ∪j ImΦ
j ,
• ΦH1Φ−1 ⊂ H2 and Φ−1H2Φ ⊂ H1.
Haefliger cohomology with values in flat vector bundles is invariant under the equiv-
alence in the following sense: Consider a linear pseudogroup Hi on a flat vector
bundle (Ei,∇i)→ Ti. If there exist an open covering {V j} of T1, an open covering
{W j} of T2 and bundle maps Φj : E1|V j → E2|W j such that
(i) Φj is an isomorphism of flat vector bundles (E1,∇1)|V j → (E2,∇2)|W j and
(ii) {Φj} generates an equivalence betweenH1 andH2 in the sense of Haefliger,
then we have Ω•c(E1/H1)
∼= Ω•c(E2/H2) and, in particular,H
•
c (E1/H1)
∼= H•c (E2/H2).
In [Rai09, Theorem 2.5], it is shown that this equivalence of pseudogroups is equiv-
alent to the Morita equivalence of the groupoids obtained by taking germs the
pseudogroups. In this sense, Haefliger cohomology can be regarded as invariants of
groupoids.
3.2. Characterization of strong tenseness in terms of Haefliger cohomol-
ogy. Let M be a manifold with a foliation F and a flat vector bundle (E ,∇). A
transversal of (M,F) is an immersion T → M which is transverse to the leaves of
F by definition, but throughout this article we regard T as a subset of M . Recall
that a transversal T of (M,F) is called total if it intersects every leaf of F . Take
a total transversal T and consider the holonomy pseudogroup HolT (F , E) on E|T
generated by the lift of holonomy maps of F to E (see Section 1.2), which acts on
E|T . Since the equivalence class of HolT (F , E) is independent of the choice of T , so
is the isomorphism class of Ω•c
(
E|T /HolT (F , E)
)
. Thus the Haefliger cohomology
of (M,F) with values in (E ,∇) is well-defined as the cohomology of this complex.
Definition 3.4. For a foliated manifold (M,F) with a total transversal T and a
flat vector bundle (E ,∇), let
Ω•c(TrF ; E) := Ω
•
c
(
E|T /HolT (F , E)
)
,
H•c (TrF ; E) := H
•
(
Ω•c
(
E|T /HolT (F , E)
)
, d∇
)
and H•c (TrF ; E) is called the Haefliger cohomology of (M,F) with values in (E ,∇).
The reduced complex Ω̂•c
(
E|T /HolT (F , E)
)
is the quotient of Ω•c
(
E|T /HolT (F , E)
)
by the closure of zero. The complex Ω̂•c(TrF ; E) := Ω̂
•
c
(
E|T /HolT (F , E)
)
and the
reduced Haefliger cohomology Ĥ•c (TrF ; E) := H
•(Ω̂•c(TrF ; E)) are well-defined for
(M,F) and E being independent of the choice of T .
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For open foliated manifolds, we cannot use Haefliger cohomology to characterize
the tautness. For example, any characteristic form of an open foliated manifold
is not compactly supported. Here we introduce a variant of Haefliger cohomology
which is useful to consider tautness and strong tenseness of complete Riemannian
foliations on possibly open manifolds. For a general linear pseudogroup H on a flat
vector bundle E over a manifold T , let
Ω•lc,H(T ; E) = {α ∈ Ω
•(T ; E) | ∀x ∈ T,
∃K : a compact neighborhood of x in T s.t. α|HK ∈ Ω
•
c(HK; E|HK) }
and Λ•lc,H be a subcomplex of Ω
•
lc,H which consists of α ∈ Ω
•
lc,H(T ; E) of the form
α =
∑
i∈I h
∗
iαi − αi for αi ∈ Ω
•
lc,H(T ; E) and hi ∈ H such that
• π−1(suppαi) ⊂ Imhi, where π : E → T is the projection, and
• {suppαi, (h
−1
i )T (suppαi)}i∈I is locally finite, where (h
−1
i )T is the map
induced on T by h−1i .
The topology of Ω•lc,H(T ; E) is defined as follows: A sequence {αj} in Ω
•
lc,H(T ; E)
converges to α ∈ Ω•lc,H(T ; E) if, for any x ∈ T , there exists a compact neighbor-
hood K of x in T such that α|HK , αk|HK ∈ Ω
•
c(HK; E|HK) for any k ∈ Z>0 and
limk→∞ αk|HK = α|HK in Ω•c(HK; E|HK). Now we define the leafwise compactly
supported Haefliger cohomology as follows:
Ω•lc(E/H) := Ω
•
lc,H(T ; E)/Λ
•
lc,H ,
H•lc(E/H) := H
•
(
Ω•lc(E/H), d∇
)
.
The leafwise compactly supported Haefliger cohomology H•lc(TrF ; E) of a foli-
ated manifold (M,F) with values in E is defined in terms of the holonomy pseu-
dogroup HolT (F , E) on a total transversal T as the cohomology of the complex
Ω•lc(TrF ; E) := Ω
•
lc(E|T /HolT (F , E)). The reduced versions Ĥ
•
lc(E/H) and Ĥ
•
lc(TrF ; E)
are defined as the cohomology of the quotient of the complexes by the closure of
zero.
It is easy to see that, if the space of orbit closures T/HT of the base pseudogroup
HT induced by H is compact, then Ω
•
lc(E/H) = Ω
•
c(E/H) and hence H
•
lc(E/H)
∼=
H•c (E/H). In particular, if the space of leaf closures of a foliated manifold (M,F)
is compact, we have Ω•lc(TrF ; E)
∼= Ω•c(TrF ; E) and H
•
lc(TrF ; E)
∼= H•c (TrF ; E) for
any flat vector bundle E over M .
We state a Haefliger type characterization of strong tenseness. Recall that we call
a section ξ of a topologically trivial real line bundle E nonnegative if ξ is identified
with a nonnegative function under a topological trivialization of E . For such section
ζ, let suppT+ ζ := {x ∈ T | ζ(x) 6= 0}.
Theorem 3.5. For a closed manifold M with an oriented foliation F and a topo-
logically trivial flat real line bundle (E ,∇) with basic holonomy over (M,F), the
following are equivalent:
(i) (M,F) is strongly tense with (E ,∇).
(ii) There exist a total transversal T of (M,F) and a nonnegative cocycle ξ ∈
Ω0c(E|T /HolT (F , E)) such that supp
F
+ ξ =M .
(iii) For any total transversal T of (M,F) and any compact set K in T , there
exists a nonnegative section ζ ∈ Ω0c(T ; E|T ) such that K ⊂ supp
T
+ ξ and
d∇ζ ∈ Λ
1
c,HolT (F ,E)
.
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We will prove Theorem 3.5 after introducing integration along leaves. Let (E ,∇)
be a flat vector bundle over M . As in the case where E is trivial due to Hae-
fliger [Hae80, Theorem 3.1], the integration along the leaves of F
(3.1)
 
F
: Ω•c(M ; E) −→ Ω
•−p
c (TrF ; E) ,
is defined as follows. Take an open covering {Ui}i∈I of M and a total transversal
T = ⊔i∈ITi so that
(i) {Ui}i∈I is locally finite,
(ii) Ui is simply connected for ∀i ∈ I,
(iii) the intersection of any plaque in Ui and any plaque in Uj is simply con-
nected or empty for ∀i, j ∈ I,
(iv) the intersection P ∩ Ti is a point for any plaque P in Ui, ∀i ∈ I, and
(v) the map πi : Ui → Ti which maps each plaque P in Ui into P ∩Ti is a disk
bundle for ∀i ∈ I.
Since E|Ui and E|Ti are trivial flat vector bundles for each i, we have
Ω•c(Ui; E|Ui) ∼= Ω
•
c(Ui)
⊕r , Ω•c(Ti; E|Ti) ∼= Ω
•
c(Ti)
⊕r ,
where r = rank E . Then
ffl
πi
: Ω•c(Ui; E|Ui)→ Ω
•
c(Ti; E|Ti) is defined by the r-times
direct sum of the integration Ω•c(Ui)→ Ω
•
c(Ti) along πi. Then (3.1) is defined, for
α ∈ Ωkc (M ; E), by  
F
α =
∑
i∈I
 
πi
ρiα+ Λ
k−p
c,HolT (F ,E)
.
where {ρi}i∈I is a partition of unity subordinate to {Ui}i∈I . As in the case where
E is trivial [Hae80, Theorem 3.1], we can check that
ffl
F
is a well-defined surjective
continuous homomorphism which commutes with d∇. By the argument in [Hae80,
Theorem 3.2 in Section], we have the following.
Lemma 3.6. The kernel of
ffl
F
is equal to the subspace of Ω•c(M ; E) generated by F-
trivial forms and the differential of F-trivial forms. For i, j ∈ I with Ui ∩ Uj 6= ∅,
let hij be the unique maximal element of HolT (F , E) such that Dom(hij)T ⊂ Ti
and Im(hij)T ⊂ Tj, where hT is the map induced on T by h. More generally, for
ω ∈ Ω•(M ; E) which may not be compactly supported, if we have ω =
∑
i ωi and,
for each i, we have
ffl
πi
ωi =
∑
j(h
∗
ijαji −αij) for some ωi ∈ Ω
•
c(Ui; E|Ui) and some
αji ∈ Ω•c(Tj ; E|Tj ), then ω = θ + d∇θ
′ for some F-trivial forms θ, θ′.
Outline of the proof of Theorem 3.5. Let us show (ii) by (i). Assume that (M,F)
is strongly tense. By Proposition 2.3, there exists a relatively F -closed form
η ∈ Ωp(M ; E) whose restriction to each leaf is nowhere vanishing. Take an open
covering {Ui} and a transversal T to define the integration along leaves Ω•c(M ; E)→
Ω•−pc (TrF ; E). By Lemmas 3.6, it follows that d∇
ffl
F
η =
ffl
F
d∇η = 0. Then, since
d∇
∑
i∈I
ffl
πi
ρiα ∈ Λ1c,HolT (F ,E), we see that
∑
i∈I
ffl
πi
ρiη satisfies the condition of
(ii). A twisted version of the proof of [Hae80, Theorem in Section 3.2] implies (iii)
by (ii). The proof of (i) by (iii) is omitted because it is a special case of Theorem
3.7 below. 
We will show the following prescribed version of Theorem 1.3, which immediately
implies Theorem 1.3.
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Theorem 3.7. Let (M,F) be a possibly open foliated manifold with a topologically
trivial flat real line bundle (E ,∇) with basic holonomy. If there exists a nonnegative
0-cocycle ξ in Ω0lc(TrF ; E) such that supp
F
+ ξ = M , then (M,F) is strongly tense
with respect to (E ,∇).
The following is proven by an argument analogous to [AL92, Lemma 6.3], which
reduces the proof of Theorem 3.7 to the case where F is oriented.
Proposition 3.8. Let π : (M,F) → (M ′,F ′) be a regular finite covering map of
foliated manifolds with deck transformation group Γ. Let (E ′,∇′) be a flat real line
bundle over M ′. Let (E ,∇) = (π∗E ′, π∗∇′). Then (M,F) is strongly tense with
(E ,∇) if and only if (M ′,F ′) is strongly tense with (E ′,∇′).
Proof. The “if” part is trivial. We show the “only if” part. It suffices to prove the
case where F is orientable. We assume that F is orientable and (M,F) is strongly
tense with (E ,∇). By Proposition 2.3, we can assume that E ′ is topologically
trivial. By Proposition 2.5, there exists a relatively F -closed form η ∈ Ωp(M ; E)
whose restriction to any leaf is nowhere vanishing. Let us define ε : Γ → {±1}
by ε(γ) = 1 if γ preserves the orientations of F and ε(γ) = −1 otherwise. Let
ηΓ =
∑
γ∈Γ ε(γ)γ
∗(η). Then ηΓ is relatively F -closed and the restriction to any
leaf is nowhere vanishing. Moreover γ∗ηΓ = ε(γ)ηΓ for any γ ∈ Γ. Thus there exists
a Γ-invariant metric g such that ηΓ is a local characteristic form at each point on
M . This g induces a strongly tense metric on (M ′,F ′), which concludes the proof
by Proposition 2.3. 
Remark 3.9. It is not clear that, for a finite covering map (M,F) → (M ′,F ′) of
foliated manifolds, if (M,F) is tense, then (M ′,F ′) is tense.
The basic idea of the following proof of Theorem 3.7 is to extend the support
of a representative ζ of given 0-cocycle ξ in Ω0lc(TrF ; E) so that we can construct
a relatively F -closed characteristic form from it. Haefliger’s argument allows us to
take ζ so that its support contains any compact subset in the transversal. But,
in the case where the manifold is open, since characteristic forms are nowhere
vanishing, roughly we need that the support of ζ contains a union of a countable
number of compact disks. In this construction, we need to pay attention to certain
convergence problem.
Proof of Theorem 3.7. By Proposition 3.8, it suffices to show the strong tenseness
of F in the case where F is oriented. Here we consider the case where M/F is not
compact. The proof of the other case is almost identical. By assumption, there
exists a nonnegative 0-cocycle ξ0 in Ω0lc(TrF ; E) such that supp
F
+ ξ
0 = M . Take
a total transversal T ′ such that the intersection of T ′ and each leaf of F does not
have accumulation points. Let ζ′ ∈ Ω0lc(T
′; E|T ′) be a nonnegative representative of
ξ0. Take a sequence of compact subsets K0 ⊂ K1 ⊂ · · · ⊂ Km ⊂ · · · of T
′ such that
∪jKj = supp ζ′. Here, if M/F is compact, then ζ′ is compactly supported, and we
can take supp ζ′ as K0 and we do not need to take other Kj. Fix a Riemannian
metric on T . For each j, there exists ǫj > 0 such that any point on Kj has a
geodesically convex neighborhood of diameter ǫj in T . We cover Kj \Kj−1 by
geodesically convex neighborhoods T 1j , . . ., T
Nj
j of radius ǫj of a finite number of
points x1j , . . ., x
Nj
j in Kj \Kj−1. Reorder these geodesically convex neighborhoods,
and denote them by {Ti}i≤0. Let T− = ∪i≤0Ti. By a partition of unity on Ti
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subordinate to {Ti}i≤0, we obtain ζ0 ∈ Ω0lc(T−; E|T−) which represents ξ
0. Take
a geodesically convex subset Si for each i so that Si ⊂ Ti and ζ0|Si is nowhere
vanishing. Take open coverings {Ui}i∈Z, {Vi}i∈Z of M and transversals Ti, Si for
i ∈ Z>0 as follows:
• Let T = ⊔i∈ZTi and S = ⊔i∈ZSi. Then the pair of {Ui}i∈Z and T (resp.
{Vi}i∈Z and S) satisfy the conditions (i), . . ., (v) required to define the
integration along leaves
ffl
F in (3.1).
• Ui and Vi are relatively compact in M and V i ⊂ Ui.
• Si = Vi ∩ Ti for i ∈ Z.
For any k ∈ Z+, we can construct ζ
k ∈ Ω0lc(T ; E|T ) such that
(i) supp ζk ⊂ supp ζ0 ∪ Tk,
(ii) Sk ⊂ suppT+ ζ
k and
(iii) d∇ζ
k ∈ Λ1lc,HolT (F ,E)
as follows: Cover Sk with a finite number of open subsets {Wλ}λ∈Ak of T so that
there exists hλ ∈ HolT (F , E) such thatWλ ⊂ Dom(hλ)T and Im(hλ)T ⊂ supp
T−
+ ζ
0,
where (hλ)T is the map induced on T by hλ. Take a smooth function ρλ on T−
such that 0 ≤ ρλ < 1/#Ak and ρλ is nowhere vanishing on (hλ)T (Wλ). Let
ζk = ζ0 +
∑
λ∈Ak
h∗λ(ρλζ
0)−
∑
λ∈Ak
ρλζ
0 ,
which is nonnegative and ζk − ζ0 ∈ Λ0c,HolT (F ,E). Then ζ
k satisfies the above
conditions. For (i, j) ∈ Z2 with Ui ∩ Uj 6= ∅, let hij be the unique element of
HolT (F , E) such that Dom(hij)T ⊂ Ti and Im(hij)T ⊂ Tj . We can decompose ζk
as
ζk = ζ0 −
∑
i,j
(h∗ijα
k
ji − α
k
ji)
for some αkji ∈ Ω
0
c(Tj ; E|Tj ) so that α
k
ji = 0 except a finite number of (i, j) ∈ Z
2.
Let a0 = 1 and, for k > 0, let
ak =
1
2kmax(i,j){‖α
k
ji‖k, 1}
,
where ‖ · ‖k is a Ck-norm on Ω0c(T ; E|T ). Since the limit limN→∞
∑
0≤k≤N akζ
k
exists in Ω0(T ; E|T ), let ζ = limN→∞
∑
0≤k≤N akζ
k. Then ζ satisfies that S ⊂
suppT+ ζ and d∇ζ =
∑
i,j h
∗
ijαji − αji for some αji ∈ Ω
0
c(Tj ; E|Tj ). For each i, we
take a closed p-form χi on Ui so that Vi ⊂ suppχi,
ffl
πi
χi = 1 and suppχi ∩π
−1
i (x)
is compact for any x ∈ Ti. Let ηi = χi ⊗ π∗i (ζ|Ti) and η =
∑
i ηi. Here we have 
πi
d∇ηi = d∇
 
πi
ηi = d∇ζ|Ti =
∑
i,j
(h∗ijαji − αij) .
Then, by applying Lemma 3.6 to d∇η =
∑
i d∇ηi, there exist F -trivial forms θ and
θ′ such that d∇(η− θ′) = θ. It means that η− θ′ is relatively F -closed. Since η− θ′
is nowhere vanishing on M by construction, it follows that (M,F) is strongly tense
with (E ,∇) by Proposition 2.5. 
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4. Isomorphism between Haefliger cohomology and reduced
Haefliger cohomology of Riemannian foliations
Let us recall some fundamental notions on pseudogroups.
Definition 4.1. A pseudogroup H on a manifold T is called Riemannian if there
exists a Riemannian metric g on T such that h∗g = g on Domh for any h ∈ H.
The holonomy pseudogroup of a Riemannian foliation is Riemannian. The fol-
lowing notion is important in the context of Riemannian pseudogroups.
Definition 4.2. A pseudogroup H on a manifold T is called complete if, for any
two points x, y ∈ T , there exists an open neighborhood Ux (resp., Uy) of x (resp.,
y) in T such that, for every h ∈ H and z ∈ Ux∩Dom h with h(z) ∈ Uy, there exists
some h˜ ∈ H so that Ux ⊂ Dom h˜ and the germ of h˜ at z is equal to the germ of h
at z.
A vector field X on T is called H-invariant if h∗X = X on Imh for any h ∈ H.
Definition 4.3. A pseudogroup H on a manifold T is called locally parallelizable
if there exist H-invariant vector fields X1, . . ., Xn on T such that {X1, . . . , Xn}
gives a trivialization of the tangent bundle of T . Such collection {X1, . . . , Xn} of
H-invariant vector fields is called a parallelism of H.
We will prove the following result, a pseudogroup version of Theorem 1.4, from
which Theorem 1.4 immediately follows.
Theorem 4.4. Let (E ,∇) be a flat vector bundle over a manifold T . Let H be a
complete linear pseudogroup on E which induces a Riemannian pseudogroup HT on
T . Then the natural maps H•c (E/H) → Ĥ
•
c (E/H) and H
•
lc(E/H) → Ĥ
•
lc(E/H) are
isomorphisms.
We show the following as a byproduct, which immediately implies Theorem 1.5.
Theorem 4.5. Under the hypothesis of Theorem 4.4, if moreover the space of orbit
closures T/HT of HT is compact, then we have dimH•c (E/H) <∞.
Note that, if the space of orbit closures T/HT of HT is compact, then we have
that H•c (E/H)
∼= H•lc(E/H).
Let n = dimT . First we consider the case where
(i) HT is a locally parallelizable pseudogroup with parallelism {X1, . . . , Xn}
and
(ii) the space of orbit closures T/HT of HT is compact.
Since T/HT is compact, there exists a relatively compact set U in T whose HT -
orbit is equal to T . Let V be the real vector space generated by X1, . . ., Xn. We
fix a compactly supported volume form µ on V . Then, making suppµ smaller if
necessary, we can assume that the time one map φX : U → T of the flow generated
by any X ∈ suppµ is well-defined. Consider an operator
(4.1)
s : Ω•c(U ; E|U ) −→ Ω
•
c(T ; E)
α 7−→
´
V
(φ∗Xα)µ(X) .
Since U is relatively compact, the following is well known.
Lemma 4.6. The operator s is compact.
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This operator s is a transverse version of Sarkaria’s smoothing operator [Sar78].
Masa [Mas92] and Domı´nguez [Dom98] used Sarkaria’s smoothing operators, which
are Hilbert-Schmidt integration operators on closed manifolds and hence com-
pact [Sar78, Eq. 13 of p. 694]. Note that even if HT is the holonomy pseudogroup of
a compact foliated manifold, T may not be compact. In that case, Hilbert-Schmidt
integration operators on T may not be compact in general.
We take {hi}∞i=1 ⊂ H and open set Ui ⊂ U∩Dom(hi)T so that U = {(hi)T (Ui)}
∞
i=1
is a locally finite covering of T , where (hi)T is the map induced on T by hi. Let
{ρi} be a partition of unity on T subordinate to U . Consider a map
ΦU : Ω
•
c(T ; E) −→ Ω
•
c(U ; E|U )
α 7−→
∑∞
i=1 h
∗
i (ρiα) .
Let sˆ be the composite
(4.2) Ω•c(T ; E)
ΦU // Ω•c(U ; E|U )
s // Ω•c(T ; E) .
Here s is compact by Lemma 4.6. Since the composite of any continuous operator
with a compact operator is compact, sˆ is compact. We will apply the following
fact.
Theorem 4.7 (see [RR80, Corollary 2 in Section VIII]). Let B be a Hausdorff
locally convex topological vector space and σ : B → B a compact operator. There
exists r ∈ Z>0 such that
B = ker(1 − σ)r ⊕ Im(1− σ)r ,
where ker(1− σ)r is closed and of finite dimension, Im(1− σ)r is closed and
ker(1− σ)r = ker(1− σ)r+1 ,
Im(1− σ)r = Im(1 − σ)r+1 .
Then we get a positive integer r and a decomposition
Ω•c(T ; E) = K
• ⊕ I• ,
where K• = ker(1 − sˆ)r and I• = Im(1 − sˆ)r with the properties mentioned in
Theorem 4.7. Since Λ•c,H is locally convex and invariant under sˆ, Theorem 4.7 also
yields a similar decomposition
Λ•c,H = (Λ
•
c,H ∩K
•)⊕ (Λ•c,H ∩ I
•) .
Thus we get a decomposition
(4.3) Ω•c(E/H) = Ω
•
c(T ; E)/Λ
•
c,H =
(
K•/(Λ•c,H ∩K
•)
)
⊕
(
I•/(Λ•c,H ∩ I
•)
)
.
It is well known (see, for example, [Tre`67, Theorem 9.1]) that any finite dimensional
Hausdorff topological vector space B over R is isomorphic to RdimB with the prod-
uct topology and hence it is closed. Then Λ•c,H ∩K
• is a closed subspace of K•,
which implies that K•/(Λ•c,H ∩ K
•) is Hausdorff. Letting Ξ• = K•/(Λ•c,H ∩ K
•)
and Υ• = I•/(Λ•c,H ∩ I
•), we get the following.
Lemma 4.8. There is a decomposition as a differential complex
(4.4) Ω•c(E/H) = Ξ
• ⊕Υ•
such that
(i) Ξ• is Hausdorff of finite dimension,
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(ii) (1 − sˆ)r is the second projection Ω•c(E/H)→ Υ
• and
(iii) (1 − sˆ)r+1 is a differential automorphism of Υ•.
Let O
•
be the closure of 0 in Ω•c(E/H). Since Ξ
• is Hausdorff by Lemma 4.8-(i),
O
•
is a subcomplex of Υ•. Thus, by taking the quotient of the both sides of (4.4)
by O
•
, we get a decomposition of Ω̂•c(E/H). Here sˆ induces a map Ω̂
•
c(E/H) →
Ω̂•c(E/H), which is denoted by the same symbol sˆ. The following proposition is a
direct consequence of Lemma 4.8.
Lemma 4.9. There is a decomposition of a differential complex
(4.5) Ω̂•c(E/H) = Ξ
• ⊕Υ•/O
•
such that
(i) (1 − sˆ)r is the projection Ω̂•c(E/H)→ Υ
•/O
•
and
(ii) (1 − sˆ)r+1 is a differential automorphism of Υ•/O
•
.
Let
h : Ω•c(T ; E) −→ Ω
•−1
c (T ; E)
α 7−→ −
´
V
( ´ 1
0 (ιtXφ
∗
tXα)dt
)
µ(X) .
We show
Lemma 4.10. For α ∈ Ω•c(T ; E), we have( ˆ
V
µ
)
α− sα = (d∇h+ hd∇)α .
Proof. For a vector field X on T , the inner product and the Lie derivative with
respect to X on Ω•c(T ; E) is denoted by ι(X) and θ(X), respectively. Then( ˆ
V
µ
)
α− sα = −
ˆ
V
(φ∗Xα− α)µ(X)
= −
ˆ
V
(ˆ 1
0
( d
du
∣∣∣
u=t
φ∗uXα
)
dt
)
µ(X)
= −
ˆ
V
(ˆ 1
0
(θ(tX)φ∗tXα)dt
)
µ(X)
= −
ˆ
V
(ˆ 1
0
(
(d∇ι(tX) + ι(tX)d∇)φ
∗
tXα
)
dt
)
µ(X)
= (d∇h+ hd∇)α . 
Fix µ ∈ Ωnc (V ) so that
´
V
µ = 1. Since ι(X) commutes with the H-action, we
get a continuous map h : Ω•c(E/H)→ Ω
•
c(E/H).
Lemma 4.11. We have H•(Υ•) = 0 and H•(Ξ•) ∼= H•c (E/H).
Proof. Note that sˆ and s induce the same map on Ω•c(E/H) by definition. Let
α be a cocycle of Υ•. By Lemma 4.8-(iii), there is a cocycle β of Υ• such that
(1− s)r+1β = α. By Lemma 4.10, we get
α = (1 − s)r+1β = (1− s)r(d∇h+ hd∇)β = d∇(1− s)
rhβ .
Here, (1− s)rhβ belongs to Υ• by Lemma 4.8-(ii). Thus α is a coboundary in Υ•,
which implies H•(Υ•) = 0. The second equation follows from H•(Υ•) = 0 and
Lemma 4.8. 
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Here h induces a map Ω̂•c(E/H) → Ω̂
•−1
c (E/H) by its continuity. The following
is proven in a way analogous to Lemma 4.11 by using Lemma 4.9.
Lemma 4.12. We have H•(Υ•/O
•
) = 0 and H•(Ξ•) ∼= Ĥ•c (E/H).
Thus, Theorem 4.4 for the case where HT is locally parallelizable and T/HT is
compact follows from Lemmas 4.11 and 4.12.
Now, to consider the case where the base pseudogroup HT is locally paralleliz-
able, let us recall the structure theory of complete Riemannian pseudogroups due
to Salem [Sal88], which is analogous to the Molino’s structure theory of Riemann-
ian foliations on compact manifolds. The following is an important class of locally
parallelizable pseudogroups, which appears in Salem’s theorem.
Definition 4.13. For a Lie group G, a pseudogroup H on G is called of G-Lie type
if H is generated by the left action of a subgroup Γ of G. If moreover Γ is dense in
G, we say that H is of minimal G-Lie type.
Remark 4.14. Note that this terminology is not common whereas the notion itself
is common. Note also that the terminology Lie pseudogroup is commonly used for
a different object.
We need the following part of the analog of the Molino theory for complete
Riemannian pseudogroups due to Salem.
Theorem 4.15 ([Sal88, Corollaires 1 and 2], see also [Mol88, Appendix C by
Salem]). Let H be a complete Riemannian pseudogroup on a manifold T whose or-
bit space T/H is connected. Let T# be the orthonormal frame bundle over T . The
pseudogroup H# on T# naturally induced from H is complete and locally paralleliz-
able. In general, for a complete locally parallelizable pseudogroup H♭ on T♭ whose
orbit space is connected, the following holds:
(i) The space T♭/H♭ of the closures of the H♭-orbits in T♭ is a smooth manifold
and the projection π : T♭ → T♭/H♭ is a submersion.
(ii) There exists a simply-connected Lie group G such that, for each point of
x ∈ T♭/H♭, there exists an open neighborhood U of x in T♭/H♭ such that
H♭|π−1(U) is equivalent to the pseudogroup on G× U which is the product
of a pseudogroup of minimal G-Lie type and the trivial pseudogroup on U .
For a complete linear pseudogroup on a flat vector bundle which induces a locally
parallelizable pseudogroup on the base, we have the following direct consequence
of Salem’s theorem.
Lemma 4.16. Let (E ,∇) be a flat vector bundle over a manifold T . Let H be a
complete linear pseudogroup on E which induces a locally parallelizable pseudogroup
HT on T . Assume that the orbit space T/HT is connected. Let π : T → T/HT
be the canonical projection. Then, there exist a Lie group G, a flat vector bundle
EG → G, and a linear pseudogroup HG on EG which induces a pseudogroup of
minimal G-Lie type on G such that, for each point z on T , there exists an open disk
neighborhood U of π(z) in T/HT such that the pseudogroup H|E|π−1(U) is equivalent
to a pseudogroup HG × 1U on EG ⊠ RU which is the product of HG and the trivial
pseudogroup 1U on U , where EG⊠RU denotes the vector bundle EG×U → G×U .
To prove Theorem 4.4 for the case where HT is locally parallelizable, we can
assume that T/HT is connected. Let (E ,∇) → T and H be as in the last lemma.
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There exist a Lie group G, a flat vector bundle EG → G, and a linear pseudogroup
HG on EG which satisfy the conditions of the last lemma. For each point z on T , let
U be an open disk neighborhood of π(z) in T/HT in the lemma. Let EU = E|π−1(U),
HU = H|EU . Since HU is equivalent to HG × 1U , we have
H•c (EU/HU )
∼= H•c
(
(EG ⊠ RU )/(HG × 1U )
)
,
Ĥ•c (EU/HU ) ∼= Ĥ
•
c
(
(EG ⊠ RU )/(HG × 1U )
)
.
Since the base pseudogroup of HG is of minimal G-Lie type, we already proved
Theorem 4.4 for HG. Then, since O∗U ⊗ OU is trivial, we have the following by
Poincare´ lemma:
H•c
(
(EG ⊠ RU )/(HG × 1U )
)
∼= H•c
(
(EG ⊠ RU )⊗O
∗
U ⊗OU )/(HG × 1U )
)
∼=
∼= H•−dimUc
(
(EG ⊗O
∗
U )/HG
)
∼= Ĥ•−dimUc
(
(EG ⊗O
∗
U )/HG
)
∼= Ĥ•c
(
(EG ⊠ RU )⊗O
∗
U ⊗OU )/(HG × 1U )
)
∼= Ĥ•c
(
(EG ⊠ RU )/(HG × 1U )
)
.
Thus we have H•c (EU/HU )
∼= Ĥ•c (EU/HU ). By taking a base of the topology of
T/HT consisting of small disks, a standard argument with Mayer-Vietoris sequence
implies that H•c (E/H)
∼= Ĥ•c (E/H) (see [GHV72, Section 5.12]). Since each element
of Ω•lc
(
(EG ⊠RU )/(HG × 1U )
)
is represented by α ∈ Ω•(G× U ; EG ⊠ RU ) which is
vertically compactly supported with respect to the second projection G× U → U ,
by Poincare´ lemma, we have
H•lc
(
(EG ⊠ RU )/(HG × 1U )
)
∼= H•c (EG/HG) ,
Ĥ•lc
(
(EG ⊠ RU )/(HG × 1U )
)
∼= Ĥ•c (EG/HG) .
Then the isomorphismH•lc(E/H)
∼= Ĥ•lc(E/H) is proven in a way similar toH
•
c (E/H)
∼=
Ĥ•c (E/H). Thus Theorem 4.4 has been proven for the case where the base pseu-
dogroup HT is locally parallelizable.
Finally we will prove Theorem 4.4 in general, from which Theorem 1.4 follows.
It will be done by a well known method based on a variant of the fact that the
equivariant cohomology of a manifold with a free action of a connected Lie group
is isomorphic to the cohomology of the quotient. See [Dom98, Theorem 3.7] for
similar arguments for Riemannian foliations.
Let To be the orientation covering of T . Let T# be a connected component of
the orthonormal frame bundle of To. Let Eo (resp. E#) be the flat vector bundles
over To (resp. T#) obtained by pulling back E . Let Ho (resp. H#) be the linear
pseudogroup on To (resp. T#) induced from H. Let k = so(n), where n = dimT ,
and A• = Ω•c(E#/H#) and Â
• = Ω̂•c(E#/H#). Consider the Cartan complex
C•k (A
•) :=
(
(
∨
k∗)⊗A•
)k
,
where
∨
k∗ denotes the symmetric algebra of k∗. The differential dk is defined by
(dkω)(X) := d(ω(X))− ι(X)(ω(X))
for X ∈ k, where we regard ω ∈ C•k (A
•) as a k-equivariant polynomial map k→ A•.
The E1-terms of the spectral sequence of (C•k (A
•), dk) with the filtration F
ℓ given
by
F ℓ =
⊕
j≤ℓ
(
(
∨
jk∗)⊗A•
)k
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are (
∨
k∗)k⊗H•(A•), which are determined by H•(A•). We define C•k (Â
•) in a sim-
ilar way. Since H# is complete and induces a locally parallelizable pseudogroup on
T# by Theorem 4.15, we already proved that the natural map H
•(A•)→ H•(Â•)
is an isomorphism. Then it follows that H•(C•k (A
•)) → H•(C•k (Â
•)) is an iso-
morphism, because it induces an isomorphism the E1-terms. Here it is straight-
forward to see that A• admits the structures of a k-dga with an algebraic con-
nection. Since the k-basic subalgebra A•ι=0,θ=0 of A
• is isomorphic to Ω•c(Eo/Ho),
we have H•(C•k (A
•)) ∼= H•c (Eo/Ho) (see [GHV76, Theorem IV in Section 8.17]).
We similarly have H•(C•k (Â
•)) ∼= Ĥ•c (Eo/Ho). Then we have an isomorphism
H•c (Eo/Ho)
∼=
→ Ĥ•c (Eo/Ho). Clearly Ĥ
•
c (E/H) and H
•
c (E/H) are isomorphic to
the Z/2Z-invariant subspace of Ĥ•c (Eo/Ho) and H
•
c (Eo/Ho), respectively. Hence
the natural map induces H•c (E/H)
∼= Ĥ•c (E/H). The proof of the isomorphism
H•lc(E/H)
∼= Ĥ•lc(E/H) is similar.
Here we outline the proof of Theorem 4.5. If the base pseudogroup HT of H is
locally parallelizable and the space of orbit closures T/HT is compact, then Lem-
mas 4.8-(i) and 4.11 imply that dimH•c (E/H) < ∞. Let us consider the general
case where HT is Riemannian. Take To, Eo, Ho, T#, E# and H# as in the last
paragraph. Since the base pseudogroup of H# is locally parallelizable by Salem’s
theorem (Theorem 4.15) and T#/H# is compact, H
•
c (E#/H#) is finite dimensional.
Then, since the E1-terms of the spectral sequences considered above is finite di-
mensional, it follows that the E∞-terms, which is isomorphic to H
•
c (Eo/Ho), are
finite dimensional. Thus so is H•c (E/H).
5. Duality between reduced Haefliger cohomology and invariant
cohomology of Riemannian foliations
5.1. Pairing with the invariant cohomology. We recall the invariant cohomol-
ogy of pseudogroups and the pairing with the Haefliger cohomology. Let (E ,∇) be
a flat vector bundle over an n-dimensional manifold T with a linear pseudogroup
H. Let HT be the base pseudogroup on T induced by H. Let OT be the orientation
bundle of T . Note that HT linearly acts on OT . Recall that α ∈ Ω•(T ; E) is said to
be H-invariant if h∗α = α on Domh for any h ∈ H. Let Ω•inv(H; E) be the subcom-
plex of Ω•(T ; E) consisting of H-invariant forms. The cohomology of Ω•inv(H; E) is
called the invariant cohomology of H with values in E and denoted by H•inv(H; E).
The wedge product
(5.1) Ω•c(T ; E)× Ω
n−•(T ; E∗ ⊗OT ) −→ Ω
n
c (T ;OT )
induces Ω•c(E/H)× Ω
n−•
inv (H; E
∗ ⊗OT ) −→ Ω
n
c (OT /HT ) and hence
Ω̂•c(E/H)× Ω
n−•
inv (H; E
∗ ⊗OT ) −→ Ω̂
n
c (OT /HT ) ,
where ̂means the quotient by the closure of 0. We will use the following observa-
tion.
Proposition 5.1. Let HT be a pseudogroup on an n-dimensional manifold T . Let
OT be the orientation bundle of T . If the orbit space T/HT is connected, then we
have Hnc (OT /HT )
∼= Ĥnc (OT /HT )
∼= R.
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Proof. Let L be the subspace of Hnc (T ;OT ) defined by
L =
{∑k
j=1[αj ]− h
∗
j [αj ]
∣∣
hj ∈ HT , αj ∈ Ω
•
c(T ;OT ), π
−1(suppαj) ⊂ Domhj, 1 ≤ j ≤ k
}
,
where π : OT → T is the bundle projection. By the last part of the cohomology
exact sequence of
0 // Λ•c,H
// Ω•c(T ;OT ) // Ω
•
c(OT /HT ) // 0 ,
we get that Hnc (OT /HT )
∼= Hnc (T ;OT )/L, which implies H
n
c (OT /HT )
∼= R by
assumption. Then L is closed in Hnc (T ;OT ). So we have
Ĥnc (OT /HT ) ∼= H
n
c (T ;OT )/L ∼= R . 
By Proposition 5.1, by decomposing T/HT into the connected components, we
have a natural map
(5.2) Ψ : Ĥ•c (E/H) −→ H
n−•
inv (H; E
∗ ⊗OT )
∗ .
Similarly we have
Ĥ•lc(E/H) −→ H
n−•
inv,c(H; E
∗ ⊗OT )
∗ ,
where Hn−•inv,c(H; E
∗ ⊗OT ) is the cohomology of invariant forms such that the pro-
jection of the support to the space of orbit closures T/HT is compact, which is
introduced in [Ser85].
Sections 5.2 and 5.3 will be devoted to proving the following result.
Theorem 5.2. Let (E ,∇) be a flat vector bundle over an n-dimensional manifold
T . Let H be a complete linear pseudogroup on E which induces a Riemannian
pseudogroup HT on T . Then we have
Ĥ•c (E/H)
∼=Hn−•inv (H; E
∗ ⊗OT )
∗,(5.3)
Ĥ•lc(E/H)
∼=Hn−•inv,c(H; E
∗ ⊗OT )
∗.
The isomorphism (5.3) is already known for the case of the trivial coefficient [ALM08,
p. 598]. Theorem 1.6 follows from this theorem, because the invariant cohomology
of the holonomy pseudogroup of a foliated manifold (M,F) is naturally isomorphic
to the basic cohomology of (M,F). Theorem 5.2 will be proven by an argument sim-
ilar to the proof of the twisted Poincare´ duality of basic cohomology of Riemannian
foliations due to Sergiescu [Ser85, The´ore`me I].
5.2. Duality for complete locally parallelizable pseudogroups. In this sec-
tion, we show the following, which is the duality (Theorem 5.2) for complete lin-
ear pseudogroups on flat vector bundles which induce locally parallelizable pseu-
dogroups on the base.
Proposition 5.3. Let (E ,∇) be a flat vector bundle over an n-dimensional manifold
T . Let H be a complete linear pseudogroup on E which induces a locally parallelizable
pseudogroup HT on T . Then the pairing map Ψ : Ĥ•c (E/H) −→ H
n−•
inv (H; E
∗⊗OT )∗
in (5.2) is an isomorphism.
First we see the duality on the cochain level in the case where the base pseu-
dogroup is of minimal G-Lie type.
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Lemma 5.4. In addition to the hypothesis of the last proposition, assume further
that, for a Lie group G, we have T = G and HT is of minimal G-Lie type. Then
the map
Θ : Ω•c(T ; E) −→ Ω
n−•
inv (H; E
∗ ⊗OT )
∗
defined by the pairing in (5.1) and the integration on T induces an isomorphism
Ω̂•c(E/H)
∼=
(
Ωn−•inv (H; E
∗ ⊗OT )
)∗
.
Proof. First we show that Θ is surjective. Since the HT -orbits in T are dense, H-
invariant forms valued in E∗ ⊗OT are determined by its value at the unit element
e ∈ G = T . Thus we have dimΩn−•inv (H; E
∗ ⊗ OT ) < ∞. Take a basis α1, . . ., αN
of Ωn−•inv (T ; E
∗ ⊗ OT ). Fix a density ω ∈ Ωn(T ;OT ) such that ωe 6= 0. Let {ρk}
be a sequence of compactly supported functions on T such that {f 7→
´
T fρkω} ⊂
Ω0(T )∗ converges to the Dirac measure at e as distributions and limk→∞
´
T ρkω >
0. Take βi ∈ Ω•(T ; E) so that (βi∧αj)e = δijωe for i, j ∈ {1, . . . , N}. Then we have
limk→∞
´
T ρkβi ∧ αj = Cδij for any i, j ∈ {1, . . . , N}, where C = limk→∞
´
T ρkω.
Since ρkβi ∈ Ω•c(T ; E), the subspace generated by Θ(ρkβ1), . . ., Θ(ρkβN ) for k ≫ 0
is equal to Ωn−•inv (T ; E
∗ ⊗OT )∗. Then Θ is surjective.
We will show that kerΘ = Λ
•
c,H. Recall that Ω̂
•
c(E/H) = Ω
•
c(T ; E)/Λ
•
c,H. By
definition, it is easy to see that Λ•c,H is contained in kerΘ, and hence so is Λ
•
c,H. Take
any α ∈ Ω•c(T ; E) so that α /∈ Λ
•
c,H. By the Hahn-Banach theorem for Ω
•(T ; E)
which is a Fre´chet space, there exists v ∈ Ω•c(T ; E)
∗ such that v|Λ
•
c,H = 0 and
v(α) > 0. Let X1, . . ., Xn be an H-invariant parallelism on T . Let V be the real
vector space generated by X1, . . ., Xn, and fix a volume form µ on V of volume one
such that the distribution f 7→
´
V
fµ is sufficiently close to the Dirac measure at
the origin of V . We will regularize this v with a transverse version of the Sarkaria’s
operator sˆ : Ω•c(T ; E) → Ω
•
c(T ; E) (see (4.2)). Recall that sˆ = ΦU ◦ s, where ΦU is
an operator defined by a partition of unity defined by using a relatively compact set
U and s is a diffusion operator defined by using µ. Let vˆ = v ◦ sˆ. Here, vˆ satisfies
(i) vˆ|Λ
•
c,H = 0,
(ii) vˆ(α) > 0 and
(iii) ∃v∗ ∈ Ωn−•(T ; E∗ ⊗OT ) such that vˆ(β) =
´
T β ∧ v
∗ for ∀β ∈ Ω•c(T ; E).
Indeed, since the parallelism X1, . . ., Xn is H-invariant, s commutes with the H-
action. Thus we have sˆ(Λ
•
c,H) ⊂ Λ
•
c,H, which implies that vˆ|Λ
•
c,H = 0. Since the
distribution associated with µ is close to the Dirac measure at the origin of V as
a distribution, we have v(sˆα) is close to v(ΦUα), which implies that v(ΦUα) > 0.
Since v(ΦUα) = v(α) by ΦUα− α ∈ Λ•c,H and v|Λ
•
c,H = 0, it follows that vˆ(α) > 0.
The property (iii) follows from the fact that s is a diffusion operator (see [dR84,
Section 15]). The H-invariance of vˆ implies that v∗ is H-invariant. Thus, by
vˆ(α) > 0, it implies that α /∈ kerΘ. Thus we have that kerΘ = Λ
•
c,H, which implies
that Θ induces an isomorphism Ω̂•c(E/H)
∼= Ωn−•inv (H; E
∗ ⊗OT )∗. 
Corollary 5.5. Under the hypothesis of Lemma 5.4, the pairing map Ĥ•c (E/H) −→
Hn−•inv (H; E
∗ ⊗OT )∗ in (5.2) is an isomorphism.
Proof. Since the cohomologies of these complexes are of finite dimension by The-
orem 4.5, the duality Ĥ•c (E/H) ∼= H
•
inv(H; E) follows from the universal coefficient
theorem and the last lemma. 
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Now let us prove Proposition 5.3. We can assume that T/HT is connected. Thus
there exists a Lie group G, a flat vector bundle EG → G, and a linear pseudogroup
HG on EG which satisfy the following conditions of Lemma 4.16: for each point z on
T , let U be an open disk neighborhood of π(z) in T/HT in the lemma. Let EU =
E|π−1(U) and HU = H|EU . The pseudogroup HU is equivalent to a pseudogroup
HG × 1U on EG ⊠ RU . Thus the Haefliger cohomology and invariant cohomology
of HU are isomorphic to those of HG × 1U . Since the base pseudogroup of HG is
of minimal G-Lie type, we can apply Corollary 5.5. Then, since O∗U ⊗OU is trivial
and OT = OU ⊗OG, by Poincare´ lemmas, we have
(5.4) Ĥ•c
(
(EG ⊠ RU )/(HG × 1U )
)
∼= Ĥ•c
(
((EG ⊠ RU )⊗O
∗
U ⊗OU )/(HG × 1U )
)
∼= Ĥ•−dimUc
(
(EG ⊗O
∗
U )/HG
)
∼= ĤdimG+dimU−•inv
(
HG; E
∗
G ⊗OU ⊗OG
)
∼= Hn−•inv (HG; E
∗
G ⊗OT )
∗ ∼= Hn−•inv
(
HG × 1U ; (EG ⊠ RU )
∗ ⊗OT
)∗
.
Thus we have Ĥ•c (EU/HU )
∼= Hn−•inv (HU ; E
∗
U⊗OT )
∗. Now the isomorphism Ĥ•c (E/H)
∼=
Hn−•inv (H; E
∗⊗OT )∗ follows from a standard argument with Mayer-Vietoris sequence
with a base of the topology of T/H consisting of open disks (see [GHV72, Section
5.12]). The proof of Ĥ•lc(E/H)
∼= Hn−•inv,c(H; E
∗ ⊗OT )∗ is similar with the following
computation, which corresponds to (5.4):
Ĥ•lc
(
(EG ⊠ RU )/(HG × 1U )
)
∼= Ĥ•c (EG/HG)
∼= HdimG−•inv (HG; E
∗
G ⊗OG)
∗
∼= HdimG+dimU−•inv,c (HG× 1U ; (EG⊠RU )
∗⊗OG⊗OU )
∗ ∼= Hn−•inv,c(HU ; E
∗
U ⊗OT )
∗ .
5.3. Duality for complete Riemannian pseudogroups. LetH be a linear com-
plete pseudogroup on a flat vector bundle (E ,∇)→ T which induces a Riemannian
pseudogroup on T . Here we will deduce the duality (Theorem 5.2) for H from
Proposition 5.3 by comparing two spectral sequences in a way similar to [Ser85,
De´montration du the´ore`me I] and [RPSAW09, Sections 4.7 and 4.8]. Let To be the
orientation covering of T . Let π : T# → To be a connected component of the or-
thonormal frame bundle of To. Let Eo (resp. E#) be the flat vector bundles over To
(resp. T#) obtained by pulling back E . Let Ho (resp. H#) be a linear pseudogroup
on Eo (resp. E#) induced by H. Let n = dimT and n# = dim T#. We similarly
define E∗#, E
∗
o , OT# and OTo . First, we show that the pairing map
(5.5) Ψ : Ĥ•c (Eo/Ho) −→ H
n−•
inv (Ho; E
∗
o ⊗OTo)
∗
for Ho (see (5.2)) is an isomorphism. Consider a complex
C•# = Ω
n#−•
inv (H#; E
∗
# ⊗OT#)
∗ ,
whose differential is dual to d∇. Let K = SO(n) and k = so(n). Since the K-action
on E# commutes with H#, the complexes Ω̂•c(E#/H#) and C
•
# admit K-actions.
These K-action induce the structure of k-dgas on these complexes, which admits an
algebraic connection. Here, recall that the spectral sequence associated with a k-dga
A• is given by the k-invariant subalgebra A•θ=0 = {α ∈ A
• | θ(X)(α) = 0, ∀X ∈ k }
with the filtration given by
F sAs+tθ=0 = {α ∈ A
s+t
θ=0 | ι(X0) ◦ · · · ◦ ι(Xt)α = 0, Xi ∈ k } .
The Es,t2 -term is isomorphic to Ĥ
s(A•ι=0,θ=0)⊗H
t(k),where A•ι=0,θ=0 is the k-basic
subalgebra given by Aι=0,θ=0 = {α ∈ A
• | ι(X)(α) = 0, θ(X)(α) = 0, ∀X ∈
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k } (see, for example, [GHV76, Corollary III in Section 9.5]). Let Es,tr be the
spectral sequence associated with Ω̂•c(E#/H#), which converges to Ĥ
•
c (E#/H#).
Since Ω̂•c(E#/H#) admits an algebraic connection and its k-basic subalgebra is
isomorphic to Ω̂•c(Eo/Ho), we have
(5.6) Es,t2
∼= Ĥsc (Eo/Ho)⊗H
t(k) .
Similarly, consider the spectral sequence E
s,t
r associated with C
•
#, which converges
to H
n#−•
inv (H#; E
∗
#⊗OT#)
∗. The k-basic subalgebra is isomorphic to Ωn−•inv (Ho; E
∗
o ⊗
OTo)
∗ (see [Ser85, Lemme 2.8]) and we have
(5.7) E
s,t
2
∼= Hsinv(Ho; E
∗
o ⊗OTo)
∗ ⊗Ht(k) .
Here Ψ induces an isomorphism between theE0,t2 -terms by Ĥ
0
c (E#/H#)
∼= H
n#
inv (H#; E
∗
#⊗
OT#)
∗ and the following lemma.
Lemma 5.6. For each s, we have a commutative diagram
Ω̂sc(E#/H#)
k Ψ //
(
Ω
n#−s
inv (H#; E
∗
# ⊗OT#)
∗
)k
Ω̂sc(Eo/Ho) Ψ
//
π∗
OO
Ωn−sinv (Ho; E
∗
o ⊗OTo)
∗ ,
(
ffl
π)
∗
OO
whose vertical maps are isomorphisms in the case where s = 0.
Proof. To prove the commutativity, it suffices to show that
´
T#
π∗α ∧ β =
´
T α ∧( ffl
π
β
)
for α ∈ Ωsc(To; Eo) and β ∈ Ω
n#−s(T#; E#). This equality follows from an
equality
ffl
π(π
∗α ∧ β) = α ∧
ffl
π β, which is a well known property of the integration
along fibers (see, for example, [GHV72, Proposition IX in Section 7.13]). Let us
consider the case where s = 0. It is easy to see that π∗ : Ω0c(To; Eo)→ Ω
0
c(T#; E#)
k
is an isomorphism and so is π∗ : Ω̂0c(Eo/Ho)→ Ω̂
0
c(E#/H#)
k. Fix γ ∈ ∧dim kk∗⊗OK
such that
´
K
γ = 1. Let γ# be the differential form on T# valued inOK whose kernel
is equal to the horizontal plane field of Levi-Civita connection, and whose restriction
to each fiber of π is equal to γ. We can see that any β in Ωn#(T#; E∗# ⊗OT#)
k is
of the form π∗β′ ∧ γ# for some β′ ∈ Ωn(To; E∗o ⊗OTo). By
ffl
π
(π∗β′ ∧ γ#) = β′, we
have that
ffl
π induces Ω
n#
inv(H#; E
∗
# ⊗ OT#)
k ∼= Ωninv(Ho; E
∗
o ⊗ OTo). It follows that
(
ffl
π
)∗ : Ωninv(Ho; E
∗
o ⊗ OTo)
∗ →
(
Ω
n#
inv(H#; E
∗
# ⊗OT#)
k
)∗
is an isomorphism. Here,
by using the Hahn-Banach theorem for Ω
n#
inv(H#; E
∗
#⊗OT#), which is Freche´t, and
the averaging operator on K, it is easy to see that the restriction map induces an
isomorphism (
Ω
n#
inv(H#; E
∗
# ⊗OT#)
∗
)k ∼= (Ωn#inv(H#; E∗# ⊗OT#)k)∗ .
Thus we have (
ffl
π
)∗ is an isomorphism. 
Since H# is complete and the base pseudogroup induced by H# is locally paral-
lelizable, Proposition 5.3 implies that Ψ induces an isomorphism Ĥ•c (E#/H#) ∼=
H
n#−•
inv (H#; E
∗
# ⊗ OT#)
∗ between the E∞-terms of the two spectral sequences.
Then, by Zeeman’s comparison theorem [Zee57], Ψ induces an isomorphism Es,02
∼=
E
s,0
2 for any s. Then, by (5.6) and (5.7), it follows that Φ is an isomorphism
Ĥ•c (Eo/Ho) −→ H
n−•
inv (Ho; E
∗
o ⊗OTo)
∗.
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Since Ĥ•c (E/H) and H
n−•
inv (H; E
∗ ⊗ OT )∗ are the Z/2Z-invariant part of the
both sides of Ĥ•c (Eo/Ho) −→ H
n−•
inv (Ho; E
∗
o ⊗ OTo)
∗, respectively, it follows that
Ĥ•c (E/H)
∼= Hn−•inv (H; E
∗ ⊗OT )∗. The proof of Ĥ•lc(E/H)
∼= Hn−•inv,c(H; E
∗ ⊗OT )∗ is
similar.
6. Applications
We will show some direct consequences obtained by combing Theorems 4.4
and 5.2 with known results on invariant cohomology.
For a complete linear pseudogroup H on a flat vector bundle (E ,∇) over a mani-
fold T which induces a Riemannian pseudogroup on T , provided that the orbit space
of the base pseudogroup is connected, the pseudogroup version of the argument due
to El Kacimi Alaoui-Sergiescu-Hector [EKASH85] implies that H0inv(H; E)
∼= R or
0. Then, Theorems 4.4 and 5.2 imply the following.
Corollary 6.1. Let (E ,∇) be a flat vector bundle over a manifold T with a complete
linear pseudogroup H on E which induces a Riemannian pseudogroup HT on T . If
T/HT is connected and rank E = 1, then H0c (E/H) is isomorphic to R or 0.
The following corollary is the pseudogroup version of Corollary 1.7, from which
Corollary 1.7 follows.
Corollary 6.2. Let (E ,∇) be a flat vector bundle over an n-dimensional manifold
T . Let H be a linear pseudogroup on E which induces a complete Riemannian
pseudogroup HT on T , and P the Sergiescu’s orientation sheaf of HT . Assume
that the orbit space T/HT is connected. Then we have the following.
(i) If H is complete, then we have H•c (E/H)
∼= Hn−•lc ((E
∗ ⊗ P)/H)∗.
(ii) H0lc(P/HT )
∼= R.
(iii) H0c (P/HT )
∼= R if and only if the space of orbit closures T/HT is compact.
Corollary 6.2 follows from Theorems 4.4 and 5.2, and the following result on the
invariant cohomology of complete Riemannian pseudogroups.
Theorem 6.3 ((ii) is due to [Hae85, Proposition 3.2.9.1]). Under the same as-
sumption with Corollary 6.2, the following holds:
(i) H•inv(H; E)
∼= Hn−•inv,c(H; E
∗ ⊗ P)∗.
(ii) Hninv,c(H;P)
∼= R.
(iii) Hninv(H;P)
∼= R if and only if the space of orbit closures T/HT is compact.
Theorem 6.3-(i) is proven by the pseudogroup version of the argument of the
proof of Sergiescu [Ser85, The´ore`me I]. If T/HT is compact, then we haveHninv(H;P)
∼=
Hninv,c(H;P)
∼= R. To show the converse, note that Hninv(H,P)
∼= H0inv,c(H;P)
∗ by
(ii). Here H0inv,c(H;P) is the space of H-invariant parallel sections of P which is
compactly supported. Thus, if T/HT is not compact, then we have H0inv,c(H;P)
∼=
0, which implies the converse.
The invariant cohomology of complete Riemannian pseudogroups with trivial
coefficient is a topological invariant by [ALM08, Corollary 27.3 and Theorem 29.1].
Topological invariance of the invariant cohomology with values in flat vector bundles
is similarly proven by using their results. Combining it with Theorems 4.4 and 5.2,
we have the following, which says that H•c (E/H) and H
•
lc(E/H) are topological
invariants for complete Riemannian pseudogroups.
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Corollary 6.4. Let πi : (Ei,∇i)→ Ti be a flat vector bundle with a complete linear
pseudogroup Hi (i = 1, 2). We have H•c (E1/H1) ∼= H
•
c (E2/H2) and H
•
lc(E1/H1)
∼=
H•lc(E2/H2) if there exist an open covering {V
j} of T1, an open covering {W j} of
T2 and a C
0 bundle homeomorphism Φj : E1|V j → E2|W j such that
(i) Φj maps local parallel sections of (E1,∇1)|V j to those of (E2,∇2)|W j and
(ii) {Φj} generates an equivalence between H1 and H2 in the sense of Haefliger.
Finally we prove the following result, which implies Corollaries 1.10 and 1.11.
Theorem 6.5. Any complete Riemannian foliation is strongly tense with respect
to the Sergiescu’s orientation sheaf.
This theorem follows from Theorem 3.7, Proposition 3.8 and the following lemma.
Lemma 6.6. Let H be a complete Riemannian pseudogroup on an orientable man-
ifold T . Let P be the Sergiescu’s orientation sheaf of H over T . Then there exists
a nonnegative section ζ ∈ Ω0lc(T ;P) such that supp
T
+ ζ intersects all H-orbits.
Proof. Note that H has a natural linear action on P . First consider the case where
H is of minimal G-Lie type for a Lie group G. In this case, P is the flat real
line bundle over G given as det g−, where g− is the Lie algebra of right invariant
vector fields on G by definition of Molino’s commuting sheaf. By the description
of H-invariant cochains in Eq. (1.2) and by Lemma 5.4, the space of H-invariant
0-cochains Ω̂0c(P/H) ∼= Ω
0
inv(H;P)
∗ ∼= (Ω0(G;P)G)∗ ∼=
(
det(g−)G
)∗
is at most of
dimension 1. Then, since Ĥ0c (P/H)
∼= Ĥ0lc(P/H)
∼= R by Corollary 6.2-(ii), the
projection of any element Ω0c(G;P) to Ω̂
0
c(P/H) is closed. Take a nonnegative
section ζ of P , which is not zero at a point. Then d∇ζ ∈ Λ
1
c,H. Consider an exact
sequence
0 // Λ
•
c,H/Λ
•
c,H
// Ω•c(P/H)
τ // Ω̂•c(P/H) // 0 .
Since τ induces an isomorphism on the cohomology by Theorem 4.4, it follows that
Λ
•
c,H/Λ
•
c,H is acyclic. By d∇(d∇ζ) = 0, it follows that the projection d∇ζˆ of d∇ζ
to Λ
1
c,H/Λ
1
c,H is closed. Then there exists αˆ ∈ Λ
0
c,H/Λ
0
c,H such that d∇αˆ = d∇ζˆ.
Then, taking a lift α of αˆ, we have d∇(ζ − α) ∈ Λ0c,H.
Here we will modify ζ and α to obtain a nonnegative element in Ω0c(T ;P) whose
differential belongs to Λ1c,H. Since Λ
0
c,H is dense in Λ
0
c,H, there exists a sequence
{αi} in Λ0c,H which converges to α. By the definition of the topology, there exists
a relatively compact subset K of G such that suppαi ⊂ K for large enough i and
limi→∞ ‖α−αi‖k = 0 for any k, where ‖·‖k is a Ck-norm on Ω•c(K;P|K). Here, by
using an argument in [Hae80, Proof of Theorem 4.1], we will see that there exists
θ ∈ Λ0c,H such that ζ + θ is positive on K. Take h1, . . ., hℓ ∈ H so that
(i) K ⊂ ∪j Domhj,
(ii) ζ|hj(Uj) is positive and
(iii) there exists a compact subset Aj ⊂ Domhj (j = 1, . . . , ℓ) such that K ⊂
∪jAj .
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Take a partition of unity {ρj}ℓj=1 ∪ {τ} subordinate to {hj(Uj)} ∪ {T \ ∪jhj(Aj)}
such that ρj is positive on hj(Aj) (j = 1, . . . , ℓ). Let
θ =
ℓ∑
j=1
h∗j (ρjζ)−
ℓ∑
j=1
ρjζ .
Then θ ∈ Λ0c,H and ζ + θ is positive on K. Since limi→∞ ‖α− αi‖0 = 0, it follows
that ζ + θ− (α−αi) is nonnegative for i≫ 0. We also have d∇(ζ + θ− (α−αi)) =
d∇(ζ − α) + d∇θ − d∇αi ∈ Λ1c,H. Then the lemma is proved for the case where H
is of minimal G-Lie type.
We can assume that T/H is connected to prove the result. Consider the case
where H is complete and locally parallelizable. Let π : T → T/H be the canonical
projection. Since T/H is connected, by Lemma 4.16, there exists a Lie group G, a
flat vector bundle PG → G and a linear pseudogroup HG on PG which satisfy the
following condition: for each point z on T , there exists an open disk neighborhood U
of π(z) in T/H such that the pseudogroupH|P|π−1(U) is equivalent to a pseudogroup
on PG ⊠ RU which is the product of HG and the trivial pseudogroup on U . Here,
since the linear HG-action on PG is equivalent to the linear (H|π−1(z))-action on
P|π−1(z), and P|π−1(z) is the Sergiescu’s orientation sheaf of H|π−1(z), it follows
that PG is the Sergiescu’s orientation sheaf of HG, which is of minimal G-Lie type.
Thus we have a locally finite open covering {Us} of T/H such that the pseu-
dogroup H|P|π−1(Us) is equivalent to a pseudogroup HG × 1Us on PG ⊠ RUs . Let
PUs = P|π−1(Us) and HUs = H|PUs . Let Φ = {Φ
j
s} be the equivalence from HUs to
Hs × 1Us , which consists of isomorphisms of flat vector bundles. Let {υ
j
s} be the
partition of unity on G × Us subordinate to {Im(Φjs)T }, where (Φ
j
s)T is the map
induced on T by Φjs. Consider
Φ∗s : Ω
0
lc(G× Us;PG ⊠ RUs) −→ Ω
0
lc(π
−1(Us);PUs)
σ 7−→ (Φjs)
∗υjsσ .
Take a partition of unity {ρs} on T/H subordinate to {Us}. Since Hs is of minimal
G-Lie type, there exists a nonzero nonnegative element ζs in Ω
0
c(Ps/Hs) such that
d∇ζs ∈ Λ1c,Hs . Let ζ =
∑
s Φ
∗
s
(
(π∗ρs)(p
∗
1ζs)
)
, where p1 : G × Us → G is the
first projection. Then ζ is a nonzero nonnegative section in Ω0lc(T ;P) such that
d∇ζ ∈ Λ1lc,H and supp
T
+ ζ intersects all orbits of H.
Finally consider the general case where H is a complete Riemannian pseu-
dogroup. Let T# → T be a connected component of the orthonormal frame bundle
over T . Let H# be the pseudogroup on T# induced from H. Let P# be the
Sergiescu’s orientation sheaf of H#. Since H# is locally parallelizable by Salem’s
theorem (Theorem 4.15), there exists a nonnegative section ζ# in Ω
0
lc(T#;P#) such
that d∇ζ# ∈ Λ1lc,H# and supp
T#
+ ζ# intersects any orbit of H#. Here, by definition
of Molino’s central sheaf, it is easy to see that P is obtained as the quotient of P#
by the natural SO(n)-action (see [Mol88, Section 5.3]). By integrating ζ# along the
fibers of T# → T , we get ζ which satisfies the conditions. 
7. Examples of open foliated manifolds
We illustrate difference of tautness or tenseness between closed and open foliated
manifolds with some examples.
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In Theorem 1.11, we generalized one direction of Masa’s characterization of taut-
ness of Riemannian foliations [Mas92, Minimality theorem] to complete Riemannian
foliations. But the other direction can fail for simple examples of Riemannian foli-
ations on open manifolds.
Proposition 7.1. Let Γ be a finitely generated subgroup of a Lie group G. Then
the pseudogroup generated by the left Γ-action on G is equivalent to a holonomy
pseudogroup of a taut foliation on an open manifold.
Proof. Take a surjective homomorphism Fm → Γ, where Fm is a free group of rank
m. Take a genus 2m closed surface Σ and the suspension foliation for π1Σ→ Fm →
Γ. Since any suspension foliation is taut, the proof is concluded. 
If G is not unimodular, then we have H0c (TrF) = H
0
lc(TrF) = 0 for any minimal
G-Lie foliation F by Corollary 1.12. By Proposition 7.1, we get the following.
Example 7.2. There are taut Riemannian foliations F on open manifolds M such
that H0c (TrF) = H
0
lc(TrF) = 0. Equivalently, there are taut Riemannian foliations
F on open manifolds M whose Sergiescu’s orientation sheaf is nontrivial.
As already mentioned in the introduction, a tense metric on a closed manifold
with a Riemannian foliation is always strongly tense by [KT83b, Eq. 4.4], while
the example of Cairns-Escobales [CE97, Example 2.4] shows that it is not true
in general for the open case. There is a further difference in this direction. The
cohomology class of the mean curvature form of a tense metric on a Riemannian
foliation on a compact manifold. More generally, the A´lvarez class, the cohomology
class of the basic component of the mean curvature form κ, is well-defined for a
Riemannian foliation on a compact manifold by [AL92, Theorem 5.2]. However
the following example shows that the cohomology classes of the closed basic mean
curvature form depend on metrics for Riemannian foliations on open manifolds.
Proposition 7.3. Consider a foliation F on R× S1 whose leaves are the fibers of
the second projection R × S1 → S1. For any t ∈ R×, there exists a strongly tense
bundle-like metric on (M,F) whose mean curvature form κ satisfies
´
S1
κ = t.
Proof. For t ∈ R×, let χt be a flat R-connection form whose holonomy homomor-
phism is ht : π1S
1 → Aut(R) determined by ht(γ) = t, where γ is a generator of
π1S
1. Then, by Rummler’s formula (2.1), χt is the characteristic form of a strongly
tense metric on (M,F) such that the cohomology class of the mean curvature form
κ is given by
´
γ κ = log |t|. 
Note that Royo Priento-Saralegi-Wolak [RPSAW18] proved that the A´lvarez
class is well-defined for singular Riemannian foliations.
In [Noz12], it was proven that tautness of one dimensional Riemannian foliations
on closed manifolds is invariant under deformation. This is not true in general for
complete Riemannian manifolds on open manifolds as the following example shows.
Example 7.4. Let A ∈ SL(2;Z) be a hyperbolic matrix and T 3A be the mapping
torus. Let G be the non-taut Riemannian flow on T 3A considered by Carrie`re [Car84].
Let F0 be the Riemannian flow on T
3
A × R such that F|T 3A×{s} = G for any s. Let
F1 be the Riemannian flow on T 3A ×R defined by T
3
A ×R =
⊔
x∈T 3
A
{x} ×R. Let X
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be a nonsingular vector field tangent to G. For 0 ≤ t ≤ 1, consider a vector field
Xt on T
3
A × R given by
Xt(x, s) = X(x) cos(tπ/2) +
d
ds
sin(tπ/2),
which defines a Riemannian flow Ft on T 3A × R. Here Ft is taut for 0 < ∀t ≤ 1. It
is easy to see that Ft is an R-bundle and hence it is taut for for 0 < t ≤ 1, while
F0 is not taut.
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